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Abstract
We consider sigma-compact families of measure-preserving transformations, for example, the rect-
angle exchange transformations, and choose the Kushnirenko entropy so that it is equal to zero for
the all transformations under consideration, but is infinite for the generic transformation.
The typical dynamical system is not mixing, but at some points in time
it becomes like mixing, and such mixing intervals may last as long as the
reader desires it and even longer. This fact was used in [13] to refine
theorem on the generic actions of lattices [19]. Now we would like to show
that some powers of the generic transformation at very large time intervals
behave as a non-deterministic system.
In [4] it was proved the non-typicalness of the interval exchange trans-
formations (IETs). In connection with this the following question arised:
will the rectangle exchange transformation be non-typical? Little is known
about the mixing properties of such systems, except that they have zero en-
tropy1. We answer positively the question by use of special Kushnirenko’s
invariants, which are infinite for the generic transformations and zero for
the systems under consideration. In particulare, we give the entropy proof
of the mentioned result on IETs.
1 Generic properties of transformations
We fix a standard probability space (X,B, µ) and consider the group of
its automorphism Aut, which is equipped by the Halmos complete metric
ρ. When we traditionally write ”the generic (typical) transformation is
1J.-P. Thouvenot provided the author with an elegant proof of this and more general fact about the entropy of piecewise
isometric transformations.
1
weakly mixing”, we mean that there is a dense Gδ-set consisting only of
weakly mixing transformations. We say also that the set of all weakly
mixing transformations is co-meager. In fact there are generic properties,
there are co-meager sets, but there is no generic transformation (such a
transformation that possesses all generic properties). For example, if T is
weakly mixing, then Tmi →w Θ, where Θ stands for the orthoprojection to
the constants in L2(µ). But this T does not possess the following generic
property: there is a subsequence ik such that T
mik → I. As the reader has
already noted, we use the same notation for the transformation and the
corresponding operator in L2(µ).
1.1. To be weakly mixing and not to be mixing. These properties
both are generic (P. Halmos, V. Rokhlin). To see this again let us fix an
infinite set M ⊂ N and find a co-meager set Y ⊂ Aut such that for all
T ∈ Y one has
Tmi → Θ, T ni → I
for some sequences {mi}, {ni} ⊂M .
Let us prove a bit more general assertion. An operator function Q(T ) is
said admissible, if Q(T ) = aΘ+
∑
i aiT
i and a, ai ≥ 0, a+
∑
i ai = 1.
Theorem 1.1. For an infinite set M and any admissible functions Q,R
the set {T : Tm →w Q(T ) as m ∈M,m→∞} is meager,
the set Y = {T : Tm →w R(T ) for some {mk} ⊂M} is co-meager.
The first claim follows from the second. To prove the latter we fix {Jq}, a
dense family of transformations, then chooseM ′ ⊂M and a transformation
S such that Sm →w R(S), m ∈ M
′. It is not hard to construct such S as
a rank-one transformation. For any n and q we find m = m(n, q) and a
neighbourhood U(n, q) of J−1q SJq such that the unequality
w(Tm, R(T )) <
1
n
holds for all T ∈ U(n, q). We get a dense Gδ-set
⋂
n
⋃
q
U(n, q) ⊂ Y.
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There are many applications of such weak limits, see, for example, [10],
[15], and [16], where the typicalness of the limits aΘ + (1 − a)I has been
proven.
1.2. Asymmetry. If T and T−1 are not isomorphic, we call T asym-
metric. The first example of such T has been presented by N.Anzai. A
weakly mixing asymmetric transformation was appeared in [11], the typi-
calness of this property has been established in [6]. Later it was appeared
the following more special property (see [14]).
Theorem 1.2. For some sequences mi, ni there is a transformation T
with the property:
µ(A ∩ TmiA ∩ T niA)→ (µ(A) + 2µ(A)3)/3,
µ(A ∩ T−miA ∩ T−niA)→ µ(A)2.
The set of transformations S with the same property for subsequences of
the sequence i is co-meager. All such S are asymmetric.
1.3. Refined typicalness. The work [8] on the roots of the generic
transformation stimulated the discovery of new facts in ergodic theory of
generic measure-preserving systems. A generic transformation has many
roots, it is a finite group extension [2]. At the same time it is a relative
weakly mixing extension of some nontrivial factor [5]. Generic transfrma-
tions are embedded in a flow [12], even in weakly mixing Rn-actions [19].
The centralizer of the generic transformation has a reach structure, which
contains a free action of the infinite-dimensional torus [17].
The theory of the generic group actions is not quite a thing in itself,
sometimes it turns out to be useful for applications. O. Ageev used non-
trivial generic arguments to solve the homogeneous spectrum problem in
the class of the weakly mixing transformations, and later S. Tikhonov did
the same in case of mixing.
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2 Non-typical transformations
Let K be a compact in (Aut, ρ) family of transformations. Is it true that
the set
KAut = {STS−1 : T ∈ K,S ∈ Aut}
is meager, i.e. out of it there is a dense Gδ-set?
In [15] the following partial result is appeared.
Theorem 2.1. Let K ⊂ Aut be compact set in (Aut, ρ) and for some
r > 0 for all transformations T ∈ K and any positive integer n, there
exists m > n such that w(Tm,Θ) > r, where w is a metric defining the
weak operator topology. Then KAut is meager.
Proof. Let min(T, j) be the minimal number among those m > n for
which w(Tm,Θ) > r. Since K is compact, min(T, j) is a bounded function
on K. We denote by M(j) the maximum value of min(T, j) and consider
the sets Fj = {j, j + 1, . . . ,M(j)}. It was proved in [13] that there exists
co-meager set Y such that for every S ∈ Y there is a sequence j(k) such
that
w(Sm,Θ)→ 0 as m ∈ Fj(k), m→∞.
This transformation S does not belong to K, otherwise
∃m ∈ Fj(k) dist(S
m,Θ) > r,
but this is forbidden for the transformatioms from Y . Since Y Aut∩K = φ,
we get Y ∩KAut = φ.
The interval exchange transformations (as we fix a number of intervals)
satisfy the conditions of Theorem 2.1. Thus, we have a simpler proof of
the result [4] about non-typilcalness of IETs. Our proof in shorter, since
we did not care about estimating the numbersM(j). The well-known par-
tial rigidity property of the IETs provides the condition w(Tm,Θ) > r.
However, we cannot use similar arguments for rectangle exchange transfor-
mations. The mixing properties of the latters have not been studied. For
this reason, we will use the following entropy arguments.
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3 Entropy invariants
Among the wide variety of the entropy notions (see, for example, [7],[18],[20])
we consider slightly modified Kushnirenko’s one.
Let P = {Pj} be a sequence of finite subsets of a coutable infinite group
G. We suppose that |Pj| → ∞. For a measure-preserving G-action T =
{Tg} we define
hj(T, ξ) =
1
|Pj|
H


∨
p∈Pj
Tpξ

 ,
hP (T, ξ) = lim sup
j
hj(T, ξ),
hP (T ) = sup
ξ
hP (T, ξ),
hinfP (T ) = sup
ξ
lim inf
j
hj(T, ξ),
where ξ is a finite measurable partition of X.
Without getting carried away with an overly general situation, let’s con-
sider below a rather ascetic case of progressions: G = Z, Pj = {j, 2j, . . . , L(j)j},
for some sequence L(j)→∞.
Theorem 3.1. The class {S : hP (S) =∞} is co-meager.
Proof. Let {Jq}, q ∈ N, be dense in Aut, and T be a Bernoulli transfor-
mation, so are Tq = J
−1
q TJq. The set {Tq} is dense in Aut. We fix a dense
collection of partitions ξi (in fact the density is not nessesary).
For any n, q there is j = j(n, q) such that for all i ≤ n
hj(Tq, ξi) =
1
Lj
H(
L(j)∨
n=1
T njq ξi) > H(ξi)−
1
n
. (n)
Indeed, Tq is Bernoulli, we find a partition ξ which is close to ξi (i is fixed)
and for some M(i, q, n, ) the partitions T njq ξ are independent for all n as
j > M(i, n, q). This implies (n) for sufficiently large j.
There is a neighbourhood U(n, q) of the transformation Tq such that all
S ∈ U(n, q) sutisfy the same inequality
hj(S, ξi) > H(ξi)−
1
n
.
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We consider
W =
⋂
n
⋃
q
U(n, q),
which is a dense Gδ-set. If S ∈ W , then for any n there is q(n) such that
the inequality
hj(n,q(n))(S, ξi) > H(ξi)−
1
n
holds for all i ≤ n. This implies hP (S) = ∞. Thus, the family {S :
hP (S) =∞} contains the co-meager set W .
Recall that KAut = {J−1SJ : S ∈ K, J ∈ Aut}. The class of zero
entropy transformations is denoted by E0.
Theorem 3.2. If K ⊂ E0 is a compact set, then K
Aut is meager.
Remark. To prove that the set KAut is meager we need to place it in the
co-meager set E0. Why an inessential, meager set Aut \ E0 significantly
interferes with the proof that CAut is meager for an arbitrary compact set
C?
Proof. So we have thatK ⊂ E0 is a compact set in (Aut, ρ). Ih h(S) = 0,
then for any ξ
h(Sj, ξ) = lim
L→∞
1
L
H


L∨
p=1
Sjpξ

 = 0.
We find a sequence LS(j) and the corresponding sequence
P (S) = {Pj(S)}, Pj(S) = {j, 2j, . . . , LS(j)j},
such that
1
|Pj(S)|
H


∨
p∈Pj(S)
Spξ

 <
1
j
.
Thus, hP (S) = 0. Since K is a compact set, we find a sequence L(j) such
that for all S ∈ K one has L(j) > LS(j), hence for the corresponding
sequence P we get hP (S) = 0. Since {S : hP (S) = ∞} is invariant by the
conjugations, we obtain
{T : hP (T ) =∞} ∩K
Aut = φ,
6
KAut is meager.
Corollary. The generic transformaton is not an exchange rectangle
transformation.
Indeed, the set of all exchanges of n rectangles within a fixed rectangle
X is compact. Each of them has zero entropy, what we can explain by use
of Jean-Paul’s hint. Let ξ be a rectangle partition, then the sum of the
boundary measures of atoms in the partition ξN =
∨N−1
n=0 T
nξ grows linearly.
This implies that the entropy of ξN grows very slowly and H(ξN)/N → 0.
It is clear that this method works in a much more general situation. Now
we apply Theorem 3.2 and get the above corollary.
Theorem 3.3. For some sequence P the class {S : hinfP (S) = 0} con-
tains a dense Gδ set.
Proof. As in the proof of Theorem 3.1 we consider again the partitions
ξi, the family {Jq}, the dense set Tq = J
−1
q TJq for some ergodic T of zero
entropy. For any n, q there is j(n, q) such that for all i ≤ n
hj(n,q)(Tq, ξi) <
1
n
,
and all S from some neighbourhood U(n, q) of Tq sutisfy the same in-
equality. We get that
⋂
n
⋃
q U(n, q) is a dense Gδ-subset of the class {S :
hinfP (S) = 0}. Q.E.D.
This note was almost complete when Jean-Paul Thouvenot, drew our
attention to the preprint [1], emphasizing some analogy of the results on
entropy typicalness that were independently obtained by T. Adams and
the author.
4 Closing remarks
4.1. Space Mix. Bashtanov’s result [3] together with the well-known
facts shows that the generic mixing transformation has no factor and com-
mutes only with its powers. So for the space Mix there are no analogues
of the mentioned sophisticated results by Ageev, Glasner-Weiss, King, de
la Rue-de Sam Lazaro, and Eremenko-Stepin.
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Recall that Mix is equipped by Alpern-Tikhonov’s metric d = ρ + m,
where m(S, T ) = supk∈Zw(S
k, T k) for a fixed metric w which defines the
weak operator topology. The space Mix is complete. Indeed, the Halmos
metric ρ is so, then from the conditions ρ(Ti, T ) → 0, m(Ti, Tj) → 0 as
i, j →∞, and Ti ∈ Mix it follows that T ∈ Mix and m(Ti, T )→ 0, thus,
d(Ti, T )→ 0.
Theorem 4.1. By the same reason the statements of Theorems 3.1,
3.2, 3.3 are valid for the space Mix.
4.2. Asymmetry in Mix. Let T ∈ E0 be multiple mixing. May it pos-
sesses the following asymmetry property? For some sequencesNk, mk, nk →
∞ and any generating partition ξ one has
H(ξNk
∨
TmkξNk
∨
T nkξNk)
H(ξNk))
→ a,
and for b 6= a
H(ξNk
∨
T−mkξNk
∨
T−nkξNk)
H(ξNk)
→ b,
where ξN denotes the partition
∨N−1
n=0 T
nξ. This property (or another one
of a similar nature) seems to be generic in Mix. It implies that T is not
isomorphic to T−1.
4.3. {2n}-entropy. Classical Kushnirenko’s {2n}-entropy of the horo-
cycle flow is finite [9], but it is infinite for the typical transformation.
This fact contrasts with the usual impression that the generic measure-
preserving transformation has very weak mixing properties, while the horo-
cyclic flow has Lebesgue spectrum and possesses multiple mixing property.
Let us consider the sequence A = {Aj}, where Aj = {2
j, 2j+1, . . . , 2j
2
}.
Theorem 4.2. The family {S : hA(S) =∞} contains a dense Gδ set.
Corollary. Kushnirenko’s {2n}-entropy of the generic transformation
is infinite.
In the proof of Theorem 3.1 we replace Pj by Aj. Q.E.D.
4.4. Zero P -entropy factor. In connection with the results of Ageev
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and Glasner-Weiss on factors of the generic transformation, it would be
interesting to prove in the typical situation the existence of a factor with
zero hP -entropy.
The author thanks Jean-Paul Thouvenot for very useful discussions and
Terry Adams for his kind feedback.
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